










quality at time t will be

xt = −µt+ σwt. (1)

Intuitively, µ can be thought of as the “average” rate of deterioration of the resource: for example,

average pollution emissions minus natural decay. Throughout the analysis, we will refer to the drift

rate µ as the “flow rate,” and will use the terms “flow” and “deterioration” interchangeably. The

relative values of the flow rate (µ) and the variance rate
¡
σ2
¢

will vary with the setting. In contexts

where natural recovery is negligible — e.g., a bridge — σ2 will be small relative to µ.

2.1 Utility and cost functions

We assume that society’s benefit from the resource at any point in time depends only on the level of

quality. Thus, at time t society derives a flow of utility u(xt) from the availability of the resource.5

The social rate of time preference is denoted by α > 0. We further assume that the utility function

has the following properties.

Assumption 1 The utility function u is twice continuously differentiable, with u < 0, u0 > 0,

u00 < 0, and u0 unbounded above. Furthermore, Ex
£R∞
t=0 e

−αtu(xt)dt
¤

is finite for all x, where Ex

denotes the expectation conditional on an initial state x.

Note that utility takes negative values; the utility function can be thought of as the negative of a

convex loss function.

We define abatement as a reduction in the rate of deterioration: abating at rate a slows the

expected deterioration rate from µ to µ− a. Crucially, its costs are increasing on the margin.

Assumption 2 The abatement cost function c : [0,∞) is twice continuously differentiable with

c ≥ 0, c(0) = 0, and c00 ≥ ² for some ² > 0.

We assume that a finite maximum feasible rate of abatement exists, denoted ā.6 This ceiling

may be higher than the mean flow rate µ. Hence our model allows (but does not impose) the

5We ignore issues such as population growth or changes in income, which could make the utility function time-
dependent. For example, one might scale the utility function to the size of the population. If abatement costs remained
constant while population grew, the optimal level of abatement at a given level of quality would increase over time.
On the other hand, abatement costs and the drift rate µ might be greater for a larger population.

6The assumption of a ceiling on abatement provides a measure of generality. In some cases of interest, the manager
may have limited abilities to stem or particularly to reverse the flow of deterioration. This assumption is completely
innocuous, however: the ceiling can always be set high enough that the probability it binds is vanishingly small.
Moreover, an optimal abatement policy can still be shown to exist even if we allow abatement to be unbounded.
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Proof. Let J̃ denote the optimal value function in the case when only abatement is possible:

J̃(x) = sup
a
Eax

·Z ∞

t=0
e−αt(u(xt)− c(a(xt)))dt

¸
, (8)

where the supremum is taken over abatement policies. Let ã be the corresponding optimal abate-

ment policy.

Let f̃x be defined by

f̃x(a) = aJ̃ 0(x)− c(a),

and let ã(x) be the value in [0, a] that uniquely attains the supremum of f̃x. Along similar lines

as in the proof of Theorem 1, one can show that J̃ 0(x) > 0, implying f̃ 0x(0) > 0. Also recall that

f̃ 00x = −c00 ≤ −² for some ². Consider the less constrained problem

sup
z∈[0,∞)

f̃x(z). (9)

Since f̃ 00 ≤ −², the supremum is always attained by some z ∈ (0,∞). Let b(x) denote the optimum

for a given state x. Because f̃ 0x(0) > 0, b(x) > 0. Furthermore, since f̃ 0x(z) decreases as x increases,

b is decreasing.

It is easy to see that ã(x) = min(b(x), a). Since J̃ 0 is unbounded below, for any z > 0 there

exists a state x such that f̃ 0x(z) > 0, implying that b is unbounded above, and therefore, there exists

a state x̂ such that ã(x) = a for x ≤ x̂. Assertion (i) follows.

Recall that J̃ < 0 and J̃ 0 > 0, so that limx→∞ J̃ 0(x) = 0. Hence for any z > 0, there exists a

state x such that f̃ 0x(z) < 0, implying that limx→∞ b(x) = 0 and that Assertion (ii) holds. The fact

that b is decreasing implies that there exists a state x∗ such that µ < b(x) for x < x∗ and µ > b(x)

for x > x∗. Since µ < a by hypothesis, we have Assertion (iii). q.e.d.

Proof of Theorem 2

Proof. As a step toward establishing Assertion (i), we will show that J̃ < J . It is easy to see

that J̃ 0 ≤ J . From Theorem 1, we have J 0(x) = 0 < J̃ 0(x). This implies that J̃(x) < J(x). For

x < x, we then have J(x) = J(x) > J̃(x) > J̃(x). For x > x , on the other hand, the fact that

J̃(x) < J(x) follows from our observation that J̃(x) < J(x) coupled with standard sample-path

arguments.

Consider two states y and z with x ≤ y < z. By Bellman’s principal of optimality (see, e.g.,
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lower bound on rt is rt = b−zt/x̃c. The state can be written as xt = −zt − rtx̃. If we carried out

rt rather than rt restorations, the state would be yt = −zt − rtx̃.

Let Jx̃(·,σ,α) be the value function corresponding to a restoration threshold x̃. Since xt reaches

x̃ in finite expected time and the process regenerates every time it hits x̃, it is ergodic. It follows

that

lim
α↓0

αJx̃(x,σ,α) = lim
α↓0

αEx

"Z ∞

t=0
e−αtu(xt)dt+

∞X
i=1

e−ατ iC

#

= lim
T→∞

1

T
Ex

·Z T

t=0
u(xt)dt+ rTC

¸
= lim

T→∞
1

T
Ex

·Z T

t=0
u(xt)dt

¸
− Cµx̃,

where the final term follows from the fact that the expected interarrival time between visits to x̃ is

−µx̃.

We will now establish that limα↓0 αJx̃(x,σ,α) is increasing in σ. Note that (xt, yt, rt − rt)
together form an ergodic process. There is a joint stationary distribution over the variables xt,

yt, and rt − rt such that if (x0, y0, r0 − r0) is sampled from this distribution, (xt, yt, rt − rt) is a

stationary process. Let E∞ denote expectation with respect to the distribution of this stationary

process. It is easy to see that, for any t, the marginal distribution (with respect to the stationary

process) of yt is uniform over [x̃, 0]. We therefore have

lim
T→∞

1

T
Ex

·Z T

t=0
u(xt)dt

¸
= lim

T→∞
1

T
E∞

·Z T

t=0
u(xt)dt

¸
= lim

T→∞
1

T
E∞

·
E∞

·Z T

t=0
u(xt)dt

¯̄̄
yt

¸¸
= lim

T→∞
1

x̃T

Z x̃

y=0
E∞

·Z T

t=0
u(yt − (rt − rt)x̃)dt

¯̄̄
yt = y

¸
dy.

Note that, conditioned on z0 and zt, the process zτ forms a Brownian bridge on τ ∈ [0, t]. A sample

path argument shows that for any γ > max(z0, zt), Pr{mt ≥ γ|z0, zt} is increasing in σ. It follows

that for any γ > max(z0, zt), Pr{mt− zt ≥ γ|z0, zt} is increasing in σ, and therefore, for any γ ≥ 1,

Pr{rt − rt ≥ γ|z0, zt} is increasing in σ. Since this holds for all z0 and zt, and yt is a deterministic

function of zt, for any γ ≥ 1 and any yt, Pr{rt − rt ≥ γ|yt} is also increasing in σ. Since u0 > 0, it

follows that

E∞
·Z T

t=0
u(yt − (rt − rt)x̃)dt

¯̄̄
yt ∈ dy

¸
dy
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variance rate σ2 = 9.0

discount rate α = 0.005

restoration cost C = 13000

abatement ceiling a = 20

abatement cost c(a) = φa2 φ = 40

utility u(x) = −e−βx+κ β = 0.05

κ = −7.5

Table B1. Parameter values and functional forms for figures.
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Figure 3: Optimal abatement as a function of quality, for three flow rates. The left-hand figure
(panel (a)) plots abatement rates; the right-hand figure (panel (b)) depicts the abatement rates as
fractions of mean flow rates.
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Figure 4: Frequency distributions of resource qualities (states) under optimal policies for three flow
rates.
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Figure 5: Fraction of total improvement due to abatement, as a function of the mean flow rate µ.
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