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Convergence of Double Auctions to Pareto Optimal
Allocations in the Edgeworth Box

The Edgeworth box is used to model exchanges among agents with given preferences and
endowments. The contract curve and competitive equilibrium are derived by assuming that agents
maximize their utility while staying within their opportunity sets. We show that agents need not
maximize utility to achieve Pareto-efficient outcomes. Double auctions with *“zero-intelligence”
traders (ZI), who possess just enough rationality to stay within their opportunity sets (or are
constrained by market rules to do so), achieve Pareto-efficient outcomes. Our simulations, which
readers can download and run on their computers,* show how the elemental forces of want and
scarcity cause Pareto-efficient outcomes even when agents do not maximize and when no

evolutionary processes exist.

Beginning with Chamberlin (1948), economists have studied experimental economies with
profit-motivated human subjects. Smith (1962) showed that double auctions, although different
from Walrasian tatonnement, still yield prices and quantities close to competitive equilibrium. Gode
and Sunder (1993, 1997) showed how even profit seeking is not necessary for approximate Pareto
efficient allocations. Minimal rationality (avoid losses but do not worry about profits, termed “zero
intelligence”) suffices. Bosch and Sunder (2000) generalized the result to multiple interacting

markets.

Prior studies, however, have examined partial equilibrium settings in which individual supply
and demand functions are exogenous. This paper uses a two-good Edgeworth box in a general

equilibrium setting to study double auctions with profit-motivated human traders and ZI traders.

! Readers can download simulations from http://www.som.yale.edu/faculty/sunder/exe/simul3.exe.
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Economic Parameters

Group 1 agents’ Cobb-Douglas utility function for two commodities is U=c,* ¢, * and Group 2

agents’ utility is V = ¢1” ¢,*". Group 1 endowment is (x4, y1).
The contract curve is given by:

(1-a)(L-y)ay = (1-B)(1-x)/Bx. 1)

The competitive equilibrium holdings are given by:

(a(x1+ya/p%), (1-a)(p° x1ty1)). )

And, the equilibrium price in units of y per unit of x is given by:

p° = ((oyrt B(L-yn)/(1-o)xa+(1-B)(1-x1) (3)

See Figure 1. The endowment point is A, the competitive equilibrium holding is C, and the
competitive equilibrium price p® is the slope of line AC.
I. Human Experiments

Two groups of 14 subjects each traded in one session. Each Group 1 member had an endowment
of 44 green chips and 9 red chips and a 50 x 50 grid showing the utility of various combinations of
chips (Table 1A) for utility function U = ¢,*® ¢,*. Each Group 2 member had an endowment of 6
green and 41 red chips and another 50 x 50 grid (Table 1B) showing the utility of various
combinations of chips for utility function V = ¢,>® ¢,”2. In both tables, the cell showing the initial
endowment was circled. Subjects could walk about the room to find another trader they could trade
with to increase their utility. In competitive equilibrium, each member of Group 1 holds 29 green
and 39 red chips, which implies that each member of Group 2 holds 21 green and 11 red chips. The

competitive equilibrium price is 0.49 green chips for each red chip, and it raises the utility of Group
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1 members from 0.933 to 1.31 and raises the utility of Group 2 members from 0.35 to 0.73. The

contract curve is given by the equation Red = 8 Green /(3 + 5 Green).

Figures 2 and 3 show the results of this single session experiment. Figure 2 shows the
normalized Edgeworth box. The endowment point is A (0.88, 0.18) and the competitive equilibrium
point is C (0.58, 0.79). Solid triangles show the actual final holdings of Group 1 members and
hollow circles show the final holdings of Group 2 members. The average holdings of the two groups

are given by the solid square (0.57, 0.69).

Group 1 members increased their utility from 0.933 to an average utility of 1.22, which is about
93 percent of the competitive equilibrium utility. Group 2 members increased their utility from 0.35
to an average utility 0.803, which is about 110 percent of the competitive equilibrium utility. All 28
participants traded and 26 of them improved their welfare. One Group 1 member remained on the

indifference utility curve at endowment, and one Group 2 member traded to a lower utility level.

Figure 3 shows the transaction price sequence (number of green chips per red chip). Transaction
prices are constrained because the number of green and red chips must be integers. The average
transaction price of 0.64 was higher than the competitive equilibrium price of 0.49. Overall, in this
single shot experiment, the subjects got close to the contract curve and competitive equilibrium, but
fell short of achieving it. We expect human performance to improve with experience and

unconstrained prices.

[I. ZI Computational Experiments

A. Zl trader behavior
Z1s choose bids and offers randomly from a set, shown by the shaded area in Figure 4A, that is

feasible and that does not make them worse off. Thus, the trader in Figure 4A either tries to buy X
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units to move in the southeast direction in the shaded area, or tries to sell X units to move in the

northwest direction in the shaded area. Either move raises its utility.

The ZI traders are minimally rational in the sense that they simply try to climb their utility hill,
choosing randomly from the available set of steps that takes them to a higher level. They act only
locally. and do not even optimize within their local opportunity set. They have no memory, and they

do not observe the actions of other market participants.

ZI traders are implemented as follows. At any time, each ZI trader submits a bid B that specifies
the number of Y units the trader is willing to pay for one X unit. and an ask A that specifies the
number of Y units the trader is willing to accept for one X unit. Thus, a trader’s bids and asks and

bids are slopes of lines measured in angles along which the trader is willing to move.

If each transaction involved infinitesimally small quantities, a trader in Group 1 would bid a
uniformly distributed random angle between 0 and the slope (@) of his indifference curve passing
through his holdings and ask a uniformly distributed random angle between @wand 7/2. However, to
ensure that simulations finish in finite time, we require finite quantities per transaction. We specify
the size of each transaction in terms of the Euclidean distance r between the pre- and post-

172

transaction holdings; i.e., r= (x* + y9)"? where x and y are the quantities of the respective

commodities exchanged in the transaction. For our simulations, we set r=0.02. Specifying the size

of the transaction in x or y exclusively would bias the results because of discreteness.

The finite transaction size r implies that Trader 1 can no longer bid between 0 and @ (slope of
the indifference curve) and ask between wand /2 because such bids and asks may fall below the

indifference curve. Instead, as shown in Figure 4B, the bids and asks of size r must lie on arcs Bid 1,
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Bid 2, Ask 1, and Ask 2, which are arcs of a circle of radius r bounded by utility increasing

opportunity sets for each trader.

Therefore, a trader from Group 1 bids a random angle that is uniformly distributed over the
angle subtended by the arc Bid 1, and asks a random angle that is uniformly distributed over the
angle subtended by the arc Ask 1. Analogously, a trader from Group 2 bids a random angle that is
uniformly distributed over the angle subtended by the arc Bid 2 and asks a random angle that is
uniformly distributed over the angle subtended by the arc Ask 2. A transaction occurs when the
highest bid exceeds the lowest ask and the transaction price is the midpoint of the two.

B. Economic Parameters

Figure 5 shows the four economies that we simulated with ZI traders. As is shown in Figure 1,
the straight line AC joins the endowment point A to the competitive equilibrium point C on the
contract curve. The slope of line AC is the competitive equilibrium price. A broken line AD is the
bisection locus of the angle between the two indifference maps. Starting from the initial endowment
point A, it intersects the contract curve at D. Table 2 lists the parameters of the four economies.

C. Convergence to Contract Curve

The short bars in Figure 6 show the path of holdings after each transaction starting from

endowment point A to the end of the simulation. The distance between the consecutive bars is the

size of the simulation step r (discrete transaction size), which was described earlier.

All computational economies terminate at the contract curve. The path of holdings may not end
exactly at the contract curve due to the discreteness of the simulation. This deviation is never more

than r/2, one half of the simulation step.

The reason why all paths end at the contract curve is easy to see from Figure 7, where A is the

endowment and the two curves passing through this point are the indifference maps of the two
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groups of traders. The center of arc BC is A and the radius of arc BC is the transaction size r. All
points on arc BC are feasible after the first transaction, but the double auction mechanism makes the
points closer to the center of arc BC more likely than the points near the bounds set by the
indifference curves. Suppose point D on arc BC is the holding after the first transaction. Arc BC
which is centered at holding D and is bounded by the indifference maps passing through D now
defines the feasible holdings after the second transaction, and so on. These iterations explain how the
simulation reaches the contract curve (subject to the discrete step constraint discussed above), and
terminate only when no further increases in utility through exchange are possible.

D. Competitive Equilibrium

Figure 6 shows that the computational economies reach the contract curve near, but not at,
competitive equilibrium. Figure 8 shows the distribution of the ends of 100 simulations of the four
economies from Figure 5. The short bars mark the path of one simulation for each economy. A cross
indicates the mean or centroid of these 100 endpoints. Compared to Figure 6, the scale has been
expanded to zoom in on the competitive equilibrium point C. As shown, the competitive equilibrium
is not the centroid of endpoints of 100 simulations indicated by hollow circles. Instead, the endpoints
are distributed around D, the point at which the contract curve intersects the locus of the curve
bisecting the angle between the indifference maps originating at endowment A, as shown by the
broken line AD. The final holdings are scattered around D in a band with an approximate width r, the
discrete transaction size. A small downward bias is due to the random chance that the last transaction
may not occur within the specified number of iterations.

E. Transaction Prices

Figure 9 shows the transaction price series for a single run of each of the four computational

economies. In addition, the thick line shows the average and standard deviation of the i"" transaction
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over the 100 runs of each economy. The horizontal line is the competitive equilibrium price. The
transaction prices tend to follow the bisection locus. This curve is convex for Economies 1 and 2,
and their mean price increases from earlier to latter transactions. Since this curve is concave for
Economies 3 and 4, the mean price decreases as trading proceeds. Finally, prices converge to a close
neighborhood of the CE price, even though the final allocation deviates from the CE allocation. The
small curvature of the contract curve causes the price at the intersection of contract curve and the
bisection locus to be close to the CE price.
[ll. Concluding Remarks

Prior studies in partial equilibrium settings have shown that agents need not maximize their
profits for markets to achieve Pareto efficient outcomes. It is not obvious whether such partial
equilibrium results with exogenously fixed demand and supply extend to general equilibrium
settings. In this paper, we examine a more realistic setting of a classical pure exchange economy
modeled as an Edgeworth box. Theoretical results for such economies are derived using utility
maximizing agents and Walrasian tatonnement. Our computational economies use a double auction
mechanism with multiple rounds of trading among “zero-intelligence” (ZI) traders who bid and ask
randomly within their opportunity sets. Our finding that these economies also achieve Pareto

efficient allocations makes two contributions.

First, exchange economies may be Pareto efficient with agents whose decision rules fall far
short of utility maximization. Rules of market institutions such as double auctions transform barely
rational individual actions into rational aggregate outcomes. Second, our ZI simulations are a
tractable way to model, analyze, and gain insights into how and why statistical interactions among

simple individual decision rules yield efficient market outcomes.
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Our results suggest another look at the critique of the maximization assumption in economics.
Many question the descriptive validity of utility maximization-based economic theories because of
the cognitive limitations of human beings. Our results show that even when agents do not maximize
their utility, the allocations derived from utility maximizing models may remain valid in market
institutions. We do, however, need to understand how and why this happens. North (1990) and
Simon (1996) suggest identifying the performance characteristics of social and economic institutions
that may be largely independent of the variations in participant behavior. Our method is a step in that

direction.
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Appendix: Viewing the Edgeworth Box Simulation Live on Your Computer

You can use your computer to look at the dynamics of convergence of a two-good Edgeworth
Box economy to the contract curve with ZI traders as follows.

Software Name: Simul3.exe

Reference: D. K. Gode, Stephen E. Spear and Shyam Sunder, “Convergence of Double Auctions
to Pareto Optimal Allocations in the Edgeworth Box,” Revised May 2004. On the web:
http://www.som.yale.edu/Faculty/sunder/Edgeworth/Edgeworth.pdf.

Hardware: Personal computer (DOS/Windows)

To Get the Software: Download a copy of file simul3.exe from
http://www.som.yale.edu/faculty/sunder/zisoft.ntml and store it on your hard drive or a
floppy. You may also run it directly from the abovementioned website.

To Run the Simulation:

When you run simul3.exe,

1. The computer prompts you for an initializing random seed. Enter any number between -32,768
and 32767, and press the ENTER key.

2. The computer prompts you for your choice of the speed of simulation. Enter any number
between 1 (slow) to 100 (fast), and press the ENTER key.

3. The computer prompts you for how frequently you wish to have the indifference maps
redrawn on the screen. Enter a number between 1 (to redraw the indifference maps after every
iteration) and 501 (to never redraw the indifference maps) and press the ENTER key. Enjoy the
show.

What You See on the Screen:

Edgeworth Box: The endowment point of trader type 1 is (0.8, 0.2). The initial Indifference
map of trader type 1 (cyan color) and trader type 2 (brown color) are drawn through the
endowment point.

A second set of indifference maps are drawn so they are tangential to each other. The point of
tangency is the competitive equilibrium (CE) point and the slope of the straight line from
endowment point and the CE point (not drawn on screen) is the CE price.

The contract curve is drawn in green.

The pink curve from endowment point to the contract curve is the bisection locus of the angle
between the indifference maps.

Except when the indifference maps are symmetrical, the point of intersection of the bisection
locus with the contract curve does not coincide with CE.
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Simulation: The step size for simulated transactions is set at 0.02 (Euclidean distance (x*+y%)"?).

As each transaction is completed, a black-green line shows the movement of endowment point in
steps of size 0.02.

In the right bottom of the screen, the bids and asks are shown in dots and completed transactions
are shown in a continuous gray line. Horizontal gray line marks the CE price as a benchmark.
Cyan and brown lines show the current level of utility of trader types 1 and 2 respectively, and
chart the change in utilities from the initial endowment level towards the end of simulation. The
horizontal colored lines indicate the utility levels attained by the two types of traders at CE (cyan
for Type 1 and brown for Type 2). The third colored line (purple) is the average utility for both
types of traders.

Parameters for Simulations
0.4, ,0.6

Utility of Type 1 traders: Xy

Utility of Type 2 traders: x*%y%2

Endowment point: (0.8, 0.2)

Simulation step size (transaction quantity in Euclidean distance (x*+y?)®°): 0.02
Number of Iterations 1000
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506
592
598
E05
B2
E1E
f24
B30
E36
642
646
B33
B39
B5.5
E70
E75

0o
144
181
224
52
75
2965
A
332
348
6.3
3T
3490
40.3
5
427
438
448
458
468
478
455
496
S0.6
5.8
24
532
4.0
S48
556
36.3
LAl
576
585
59.2
599
B0.6
B1.3
B8
B26
B3.2
536
54.4
B5.0
B5.6
BE.2
BB
574
B3.0
B35
B3

26

0.0
148
195
28
a7
281
30.2
322
338
358
ELAl
3.5
398
H2
424
436
4.6
458
468
4i.0
4.8
49.8
S0.8
5.6
ST
538
44
5.2
6.0
S6.5
Srh
5.3
591
996
B0.5
B1.2
6.9
B26
B33
B34
B46
B3.2
538
B6.5
B7.1
E7.7
B5.3
659
B9.5
0.0
706

24

oo
151
199
234
63
@87
3048
328
M7
pelipe}
I
394
408
421
433
M6
457
465
74
430
S00
S0
98
528
538
4.7
555
64
52
SE60
bk}
S46
B0.3
511
B8
625
632
B39
B45
B33
EE0
B S
573
E7 9
B5.5
531
B35
704
0
e
721

il

00
154
03
238
Pk}
293
ki)
335
354
i
3wy
402
B
428
442
455
467
4738
489
a0n
]
320
530
o410
48
558
o567
5E
284
582
600
03
E16
623
631
638
645
653
L]
[
B73
L]
GE6
693
539
706
T2
T8
724
730
736

il

00
157
07
244
73
298
324
342
361
s
304
40
424
438
431
464
476
488
439
1]
320
a3
41
550
560
568
58
567
385
604
12
izl
628
636
643
631
658
663
673
0]
BE7
683
700
707
73
720
726
732
738
745
781

2

00
160
211
48
78
309
328
343
363
365
402
8
432
445
4610
473
465
487
508
320
330
41
351
361
70
360
569
598
607
15
fizd4
i3z
G40
648
656
66.3
671
678
686
683
700
77
74
720
iy
734
740
746
753
754
765

33

oo
163
Pk
23
254
3o
334
385
a4
382
409
425
440
4545
468
481
494
506
518
324
340
a1
361
a7
361
291
600
604
618
627
35
fi4.4
652
B6.0
G666
676
653
691
6.5
706
3
720
[
734
740
47
754
760
767
w3
L]

]

00
166
18
paxg
258
e
340
361
381
400
i
433
448
463
47
430
503
M5
527
338
330
261
57
562
592
601
611
620
629
£33
47
i)
G4
672
2]
668
536
703
714
738
728
733
740
747
754
761
767
774
761
787
783

iz}

00
168
23
262
294
321
45
368
368
407
424
441
456
471
465
439
22
524
537
348
afin
ard
361
592
602
612
622
631
640
49
fiad
6.7
673
G664
692
700
708
e
723
73l
738
745
783
760
767
T4
761
768
794
801
807

oo
172
priy
il
299
327
352
a4
385
414
431
448
464
478
493
0.7
521
533
545
338
364
280
291
602
61.2
622
632
642
651
B6.0
fifig
7.8
6.7
695
704
2
720
728
738
743
75l
7af
TEE
i3
750
77
794
0.1
608
&4
621

K

oo
1745
230
21
304
332
387
3|0
401
420
438
456
472
487
a0.2
6
5248
542
555
367
ar s
280
G601
612
622
633
643
692
662
671
8.0
8.9
698
.y
ma
724
732
740
745
75k
T3
i
e
786
793
800
0.7
G614
621
825
815

3

oo
177
234
ik
308
338
33
M6
408
427
445
463
478
495
B
524
538
551
564
a7 b
ik
289
611
622
632
643
633
663
67.3
£8.2
9.1
T
mno
TE
a7
738
744
752
TEO
TEE
e
T3
e
788
BO&
G613
620
627
634
841
848

0o
18.0
ki)
280
a4
3.3
3648
382
4.4
434
453
47.0
487
G035
5.6
532
.6
S6.0
573
58.8
597
50.8
B0
631
64.2
B5.3
BB.3
67.3
E3.3
E9.3
70.2
.2
71
T30
736
a7
755
764
T2
780
788
738
0.3
a1.1
g9
26
3.3
4.0
54.6
855
6.2

40

0o
183
241
4
b )
346
375
398
420
44.1
458
477
494
5.0
526
4.0
555
568
581
394
606
515
B30
64.1
B5.2
BE.3
B7.3
Ba4
B34
0.3
M3
722
732
741
750
756
767
75
754
79.2
30.0
306
R
823
831
838
4.6
853
6.1
868
875

il

0.0
186
4.5
ik
323
33
380
404
27
4.7
465
454
a0.2
5.6
534
4.6
563
5T
540
603
5.5
B2.7
B39
631
6.2
B7.3
B5.3
B394
LES
74
714
733
743
752
76.1
770
e
78T
745
804
8.2
820
828
836
4.3
831
859
6.6
7.3
831
858

42

oo
168
48
92
328
358
386
nn
433
434
3
432
08
525
541
556
57
5685
5948
512
524
537
649
BG.0
E7.2
B6.3
B33
704
4
724
734
744
753
763
w2
761
790
798
807
15
824
832
40
4.5
856
64
a7
a7e
66
893
901

43

00
191
52
bl
333
364
301
HE
439
460
480
439
W6
933
48
oG4
o578
583
607
20
33
545
658
E7 .0
BE.1
632
703
714
724
T35
745
Tad
764
774
763
792
804
10
43
§27
835
iidd
i)
860
868
576
564
9.1
599
a8
"3

4

00
194
256
304
337
368
a7
422
445
465
4a.7
303
523
40
557
72
6.7
602
615
29
4.2
]
667
679
691
702
73
724
734
745
735
765
s
764
794
603
612
621
830
839
847
i)
664
672
660
668
696
q04
911
219
928

43

oo
196
258
305
342
T4
402
428
451
473
483
22
330
48
6.4
360
295
1.0
624
637
a1
B84
676
658
700
i
723
734
744
755
765
]
753
743
60.5
&4
623
632
841
850
859
6.7
678
654
692
0.0
0.8
)
924
331
939

oo
194
252
304
346
A4
407
433
457
474
S0n
w4
337
3545
72
Bk
603
618
632
4
5.4
672
685
69.7
704
721
732
743
754
k]
A
TaE
796
606
G4
625
B34
643
852
861
2]
74
6a.7
B96
a0.4
92
20
928
936
94 4
951

L

oo
0.2
il
3
321
384
H3
439
463
485
a6
526
44
6.2
a7
95
611
626
640
5.4
6.6
8.1
694
T0E
TE
730
742
793
TE4
Ta
T8
796
BO&
G168
G286
635
G645
654
883
872
&1
6.0
639
an.7
E
924
932
40
948
956
96.4

46

oo
204
268
3T
o)
el
HE
444
4648
431
a3
533
551
569
506
B03
519
B34
B4 8
6.3
67§
B30
703
s
T8
40
751
763
T4
785
735
a0g
816
26
36
846
856
855
ar4
853
292
401
9.0
98
i
936
94 4
952
960
968
a6

0o
07
73
321
360
3483
423
450
475
435
HE
538
556
576
9.4
B1.0
B26
£4.2
B5.7
571
5.5
595
A
T4
37
748
761
72
783
795
80.5
i3
826
37
4.7
857
866
7.6
855
894
90.4
913
921
930
938
4.7
956
964
g7.2
93.0
958

0o
208
76
jork)
364
jeicka)
428
455
48.0
304
528
4.6
565
583
601
B1.6
B34
B30
[:53
578
53.3
0.7
720
733
46
756
70
782
79.3
804
8.3
828
37
4.7
857
867
a7
8.7
836
905
915
924
933
941
950
959
96.7
976
904
93.2

1000



Rl
Chips

@ @ s ks = e

kol
10
il
12
13
14
15
18
17
18
19
20
il
2
3
24
%
i
7
23
2
a0
il
32
33
3
33
i}
7
i}
e}
40
H
42
43
4
45
45
47
43
43
a0

Green Chips

1]
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

1
0.0
20
23
25
26
28
28
3.0
30
31
32
3.2
33
33
34
34
35
38
36
36
36
37
3.7
37
38
38
38
38
348
348
348
4.0
4.0
4.0
4.0
4.1
4.1
4.1
41
4.2
4.2
4.2
4.2
4.2
4.3
4.3
4.3
4.3
4.3
4.4
4.4

Z
00
33
40
43
46
43
50
51
33
54
ik
56
a7
58
39
ED
1
1
B2
£3
E3
G4
£S5
63
BB
|13}
E7
67
E3
E3
E3
E3
70
70
70
71
71
72
72
72
73
73
T4
T4
T4
75
75
73
T8
78
T8

3
0.0
4.5
5.8
5.0
.4
%]
X}
74
7.3
7.5
T8
78
78
a0
§.2
8.3
5.4
85
ik}
a7
3.8
id
38
40
41
9.2
9.2
9.3
9.4
9.4
45
a6
48
4.7
48
9.8
48
4.8

10.0
10.0
101
101
10.2
10.2
10.3
103
10.4
104
10.4
105
10.5

4

127
128
129
129
130
130
131
132
132
133

3
0.0
7.2
8.3
a.0
a6

100
104
107
1.0
1.2
1.8
1.7
148
121
123
125
126
128
128
131
13.2
133
13.4
136
137
136
138
14.0
141
14.2
143
14.4
145
145
147
148
148
148
150
151
13.2
15.2
15.3
154
15.4
155
156
157
157
136
158

B
00
g4
96
104
111
118
120
124
127
130
133
133
138
140
142
144
146
148
148
151
153
154
156
157
158
160
161
162
163
164
166
167
168
163
170
171
172
173
174
174
173
176
177
178
178
180
180
181
182
183
183

7
0.0
9.5

108
118
125
131
136
140
144
147
130
15.3
156
158
161
16.3
16.5
16.7
168
171
173
174
176
176
178
161
18.2
168.3
185
186
187
188
18.0
181
19.2
19.3
194
18.5
195
187
198
198
200
201
20.2
03
204
0a
206
kg
207

i
00
106
121
132
138
146
151
156
16.0
16.4
16.7
1741
174
178
178
181
184
186
188
190
192
194
196
198
198
201
03
204
206
07
208
210
211
212
74
215
Filki
217
2718
20
21
22
23
24
25
28
27
kil
28
30
2341

|
0o
16
133
144
153
160
166
171
176
180
164
187
181
194
187
1948
02
04
07
048
11
ni
N5
nr
A
221
23
224
25
237
24
231
232
233
135
236
238
238
40
244
243
244
245
M5
M7
M5
2448
21
252
253
254

10

00
128
145
157
16.7
174
181
186
181
196
200
204
a7
211
214
27
20
22
25
27
230
32
234
36
238
240
42
244
246
7
248
251
52
254
ik
257
kil
260
261
263
264
65
266
68
263
20
271
73
274
rif
76

"

0o
136
156
170
180
185
195
201
206
211
Nh
20
224
27
231
234
237
40
243
45
245
20
253
255
7
2348
261
283
%5
%7
%648
271
02
04
Hh
nI
A
280
282
283
285
285
285
2848
290
202
293
294
295
g
2058

“Yalue of Yarious Combinations of Green and Red Chips to Members of Group 2

12

00
146
168
182
193
201
04
215
21
27
31
236
240
244
248
251
254
57
260
B3
266
pliki}
271
73
276
Fki}
280
282
284
286
2BE
290
292
294
236
297
234
304
302
304
03
307
308
3
311
i3
314
i
37
i
A

13

0o
136
1748
194
05
HE
223
230
236
242
oy
251
236
260
264
%48
271
04
nI
281
283
266
2848
291
294
295
248
3041
303
305
iy
308
1
33
Ma
N7
A
320
322
324
328
327
3248
330
332
333
335
336
338
338
340

14

0o
165
190
086
28
28
238
244
350
256
6.2
287
FIj|
78
280
284
288
291
294
295
301
04
306
308
32
e
H7
Hna
322
324
328
328
330
332
334
336
338
340
.2
344
s
347
348
350
352
354
355
i
358
360
361

135

0a
173
200
13
230
241
250
258
ik
271
ni
282
267
02
208
300
304
308
31
k1]
38
321
324
i
330
332
335
337
340
342
45
M7
349
351
3a3
355
3y
359
361
363
33
367
369
o
2
a4
5
i
g
360
382

16

0.0
184
21
228
243
254
B3
271
78
285
231
237
30.2
30.7
.2
36
320
324
328
331
335
338
341
344
347
350
353
i)
358
36.0
36.3
36.5
365
370
372
374
37h
378
3.0
382
54
386
38.8
390
39.2
394
395
387
338
40.0
40.2

17

00
183
27
240
%5
i
NE
285
i)
299
308
M2
iy
322
323
332
338
340
344
343
351
35
358
361
364
i
o
w3
B
s
381
383
386
338
31
383
385
|7
334
401
403
405
407
404
#1
#3
H5
Lai
#38
420
422

16

0.0
0.2
232
25.2
5
278
288
298
306
3.3
320
328
332
337
4.2
347
35.2
36
36.0
36.4
36.8
37
375
3T
381
34
387
4.0
393
396
34948
401
40.4
405
408
4.1
44
HE
NG
420
42.2
424
425
425
430
432
43.4
436
438
44.0
442

19

00
214
247
%3
a8
291
30z
34
320
327
334
344
M7
352
a7
362
w7
iz
7B
380
334
368
391
385
388
4041
405
408
#41
414
#18
#139
422
424
427
429
432
434
437
439
441
443
445
447
449
452
454
435
457
439
461

20

0.0
220
52
274
240
30.3
34
324
333
341
348
355
361
36.7
2
378
38.3
387
39.2
3496
40.0
40.4
408
41
5
NG
422
425
428
431
434
437
438
4.2
44.5
M7
430
45.2
438
457
438
46.2
46.4
466
465
470
473
475
77
478
450

A

00
228
%2
285
and
M5
327
337
345
3585
i)
369
B
382
|7
383
393
403
407
412
1B
420
424
428
431
435
438
442
445
443
451
454
457
460
462
465
468
470
473
475
478
480
482
485
487
489
441
483
498
448
500

22

0.0
237
a2
285
33
327
338
35.0
358
368
I
363
3.0
396
40.2
408
1.3
na
423
27
43.2
436
44.0
444
448
431
455
455
46.2
46.5
165
471
74
Lot
46.0
48.3
465
488
431
43.3
495
438
501
503
505
S0.8
5.0
9.2
514
b
54

Table 1B

23

00
245
282
306
24
338
52
363
a2
331
i)
87
404
40
L
422
423
433
438
443
447
452
456
465.0
464
463
471
473
4738
432
485
433
431
434
437
500
a0.3
06
G308
BB
14
16
518
521
24
526
528
531
533
533
537

Convergence of Double Auctions in Edgeworth Box, 7/13/2004

0.0
254
242
T
335
351
364
375
hilie)
395
40.3
.1
MG
425
43.1
437
44.3
448
45.3
455
46.3
46.7
4.2
476
48.0
46.4
48.8
481
435
43.8
a0.2
305
s08
3.2
.8
.8
321
523
326
528
332
534
537
538
54.2
544
4.7
348
551
334
356

2
00
263
anz2
327
7
362
e
388
ki)
403
H B
424
432
438
M3
451
457
463
463
473
473
433
437
432
436
a0.0
504
G308
a1
.5
8
522
525
528
G332
535
538
=41
544
4.7
48
552
555
2
6.0
562
6.5
a6
570
G572
74

0o
271
i
338
358
374
368
400
41
421
430
438
448
453
438
465
472
478
483
485
433
435
503
a0y
M2
A6
a20
524
5248
531
535
538
542
545
348
552
333
5548
a1
564
a6T
a7
572
75
578
580
583
afa
588
390
593

7

00
28
321
348
364
385
40.0
42
423
433
443
451
454
467
474
450
436
492
438
a03
04
a4
a8
523
27
532
536
40
544
S48
w51
555
w54
6.2
G363
64
a7
A
S
581
G584
8.7
9.0
593
95
98
B0
603
[
G0.G
Bl

0o
268
330
358
A
397
M2
424
436
445
43f
465
473
480
468
434
501
s07
513
ik
524
328
534
338
543
47
552
56
S60
564
565
572
75
748
a2
586
a8
582
395
5948
601
604
607
g0
61.3
E16
615
fi2.1
624
G256
6248

A

0o
295
340
368
390
405
423
435
44§
458
468
478
485
494
3041
S08
515
521
527
533
538
G344
548
334
558
563
567
G2
5TE
530
584
538
592
595
3848
B0.2
60§
B08
512
Bl5
518
B2
B25
B8
B30
B33
B35
638
541
544
B47

an

0o
304
448
A
401
#4a
435
445
461
472
462
431
a0n
a0

522
5248
536
542
545
553
338
564
a8
aT4
ara
583
o367
582
595
600
604
605
612

618
22
625
628
632
G35
638
642
645
645
651
654
G35
659
G2
665

A

0o
N2
358
3348
M2
430
445
460
473
434
434
04
513
521
G528
536
543
550
556
56.2
68
574
578
S04
5548
594
598
503
B0 &
B1.2
Bl 6
B20
B24
B28
532
B35
638
£4.2
545
B48
532
B3 6
B34
B6.2
153
33
E71
574
E77
578
£3.2

il

00
320
368
39
422
442
4538
4732
485
a7
a0y
M7
328
534
42
550
557
564
s7n
ari
583
368
594
385
604
03
14
6139
623
628
32
636
640
644
4.8
652
i)
659
iz
i1
663
673
676
679
632
B85
638
8.1
694
697
0

33

0.0
328
37
408
433
45.3
4648
43.4
437
508
520
530
5348
S48
)
564
571
578
58.5
591
9.7
60.3
B0.8
5.4
B8
524
B28
534
B34
B4.3
545
B3.2
B35
E6.0
6.4
B6.8
57.2
£7.5
578
B3.2
B35
B34
£3.3
B35
B3.8
70.2
70.5
0.6
711
7.4
"y

4

0.0
338
386
LIRS
4.3
46.3
481
435
S0.8
521
33.2
4.3
95.2
6.1
6.8
5T
568.5
59.2
598
13
B1.2
516
B2.3
528
B34
538
B4.4
548
B34
B5.8
B6.3
B6.8
B7.2
BTG
6.0
BG4
.6
£3.2
53.5
B34
0.2
706
708
.3
76
Lk
722
725
728
73.2
735

3

00
4
85
423
454
474
492
0.7
521
533
4.5
555
ik}
574
583
=91
98
E06
E13
E18
E26
632
£33
fi4 4
£49
5.4
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Table 2

Parameters of Four Computational Economies
(Cobb-Douglas Utility Function)

Parameter Economy 1 | Economy 2 | Economy 3 | Economy 4
o 0.4 v 3 A4

B 0.8 A4 5 2

Initial Endowment (0.8,0.1) (0.8,0.1) (0.8,0.1) (0.8,0.1)
Number of Iterations 2,000 2,000 2,000 2,000
Discrete Transaction Size | 0.02 0.02 0.02 0.02

Convergence of Double Auctions in Edgeworth Box, 7/13/2004




Figure 1: Competitive Equilibrium in Edgeworth Box with Cobb Douglas Utility
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Figure 2: Final Trading Positions in Edgeworth Box for Two Groups of 14 Human Traders

(Initial Endowment: 0.88,0.18; Competitive Equilibrium: 0.58,0.79; Average Holdings at the end: 0.57, 0.69)
(Group 1: Initial Utility = 0.933, CE Utility = 1.31, Average Utility at the end = 1.22)

(Group 2: Initial Utility = 0.0.35, CE Utility = 0.73, Average Utility at the end = 0.803)

Legend: Group 1 Traders in solid triangles, Group 2 Traders in hollow circles)
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Figure 3: Time Series of Prices (Green Chips per Red Chip) Reported in Edgeworth Box Human Trader Experiment
(Competitive Equilibrium Price = 0.49, Average Price = 0.64, 55 transactions among 14 pairs of traders)

1.40¢

1.20¢

1.00¢
0.80
0.601

\ V [ [/\/\/J\/\Ai

0.40

10, 0 S S S N P U S U UL VPN
1 4 7 10 13 16 19 22 26 28 31 34 37 40 43 46 49 52 55

—— No. of Green Chips per —— Equilibrium Price G/R

Convergence of Double Auctions in Edgeworth Box, 7/13/2004



Figure 4: Zero-Intelligence Bids and Asks
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Figure 5: Four Computational Economies for Double Auctions with Zero-Intelligence Traders

1 1
0.9 - G 0.9 +
0.8 D 0.8 -
> 071 ) > 07 -
2 >
= 06 . £ 06—
° N\ o
g 0.5 4 \\. O 05—+
g %4 . E 04+
g 03 N S 03+ D
1 - ]
0.2 \\\\ 0.2 ~
01+ y 01+
0 t t t t 0
0 0.2 04 0.6 08 ! 0 0.2 0.4 0.6 0.8 1
Commodity X Commodity X
1 1
0.9 0.9 1
0.8 0.8 |
> 07 > o074
> >
£ 06 - £ 06 |
3 o5 S o5
ST C,D 51
£ 04+ € 0.4 4
IS IS
O 034 O 03-
@) ]
02+ 0.2+
014 0.1+
0 t t t t 0 - t t t t
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Commodity X Commodity X

Convergence of Double Auctions in Edgeworth Box, 7/13/2004



Figure 6: Endowment Paths from Initial to Contract Curve in Four Computational Economies
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Figure 7: Movement of the Economy to the Contract Curve in a Double Auction
(Not Drawn to Scale)
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Figure 8: Distribution of End Points of the Endowment Paths around Contract Curves in Four Computational Economies
(Double Auctions with ZI Traders)
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Figure 9: Transaction Price Paths including Mean and Standard Deviation of Prices in Four Computational Economies
(Double Auctions with ZI Traders)
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